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Abstract
The critical behavior of the three-dimensional N -vector chiral model is stud-
ied for arbitrary N . The known six-loop renormalization-group (RG) ex-
pansions are resummed using the Borel transformation combined with the
conformal mapping and Pade´ approximant techniques. Analyzing the fixed
point location and the structure of RG flows, it is found that two marginal val-
ues of N exist which separate domains of continuous chiral phase transitions
N > Nc1 and N < Nc2 from the region Nc1 > N > Nc2 where such transitions
are first-order. Our calculations yield Nc1 = 6.4(4) and Nc2 = 5.7(3). For
N > Nc1 the structure of RG flows is identical to that given by the ǫ and
1/N expansions with the chiral fixed point being a stable node. For N < Nc2
the chiral fixed point turns out to be a focus having no generic relation to
the stable fixed point seen at small ǫ and large N . In this domain, containing
the physical values N = 2 and N = 3, phase trajectories approach the fixed
point in a spiral-like manner giving rise to unusual crossover regimes which
may imitate varying (scattered) critical exponents seen in numerous physical
and computer experiments.
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I. INTRODUCTION
The critical behavior of three-dimensional frustrated spin models with noncollinear order
has been the subject for intensive experimental and theoretical investigations, since they are
expected to belong to a new universality class with unusual values of critical exponents
[1–3]. Physically, noncollinear or canted order is a consequence of frustration due to either
the special geometry of the lattice or the competition of different kinds of interactions.
Examples of the first kind are the three-dimensional stacked triangular antiferromagnets
(STA) in which magnetic ions are located at each site of a stacked triangular lattice (e.g.
CsMnBr3, VCl2, VBr2). The second case is represented by helimagnets like the rare-earth
Ho, Dy, Tb, in which magnetic spirals are formed along certain directions of the lattice.
Although Monte Carlo simulations [4] and experimental studies [5] apparently give con-
tradicting results (supporting either a continuous phase transition with new critical expo-
nents or a weak first order one), a quite definite description of the critical behavior has been
reached in the fixed dimension D = 3 field-theoretical (FT) approach [6,7]. In more detail,
these and other relevant issues are reviewed in Ref. [3], where one can find a complete list
of references; we mention here only the very recent studies.
Field-theoretical investigations of such systems are based on the O(N)×O(M) symmetric
Landau-Ginzburg-Wilson Hamiltonian [1,8]
H =
∫
dDx

12
∑
a
[
(∂µφa)
2 + rφ2a
]
+
1
4!
u0
(∑
a
φ2a
)2
+
1
4!
v0
∑
a,b
[
(φa · φb)
2
− φ2aφ
2
b
]
 , (1)
where φa (1 ≤ a ≤ M) are M sets of N -component vectors. Frustrated systems with
noncollinear ordering are described by the Hamiltonian (1) with M = 2 and v0 > 0. Neg-
ative values of v0 correspond to simple ferromagnetic or antiferromagnetic ordering and to
magnets with sinusoidal spin structures [8]. The case M = 3 corresponds to frustrated
antiferromagnets with nonplanar spin ordering [9]. Moreover, recently the Hamiltonian (1)
has received a lot of attentions because it describes also the quantum critical behavior in
some Mott insulators [10].
Fixing M = 2, the physically relevant cases of frustrated XY and Heisenberg models
are described by the Hamiltonian (1) with N = 2 and N = 3 respectively. Field-theoretical
studies in the framework of ǫ = 4−D [1,11,12], 1/N [1,12–14], and ǫ˜ = D−2 [15] expansions
as well as in fixed dimensions D = 2 [16,17] and D = 3 [18,19,6,7] reveal that the existence
and the stability properties of the fixed points depend onN and on the spatial dimensionality.
Within the ǫ expansion, for sufficiently large values of N the renormalization group (RG)
equations possess four fixed points: the Gaussian fixed point (v0 = u0 = 0), the O(2N)-
symmetric (v0 = 0) one and two anisotropic fixed points located in the region u0, v0 > 0
and usually named chiral and antichiral. The chiral fixed point is the only stable one.
There is a critical dimensionality Nc where the chiral and antichiral fixed points coalesce
and disappear for N < Nc. In the last case, under the absence of any stable fixed point
the system is expected to undergo a weak first-order phase transition, since the associated
RG flows run away from the region of stability of the fourth-order form in the free-energy
expansion. The three-loop estimate of Nc obtained in the framework of the ǫ expansion
technique is [11]
2
Nc = 21.8− 23.4ǫ+ 7.1ǫ
2 +O(ǫ3) , (2)
that, after an appropriate resummation, results in Nc > 3 in three dimensions. This inequal-
ity leads to the conclusion that for the physical models with N = 2, 3 the three-dimensional
chiral transition is first-order, as corroborated also by some other RG studies [18,20]. To the
contrary, both for N = 2 and N = 3 the highest-order six-loop calculations in three dimen-
sions [6] reveal a strong evidence for a stable chiral fixed point that, however, is not related
to its counterpart found earlier within the ǫ expansion. Furthermore, in a recent work [7] we
claimed that both in two and three dimensions the experimentally controversial situation
may reflect the quite unusual mode of critical behavior of the N -vector chiral model under
the physical values of N . In particular, it was shown that this critical behavior is governed
by a stable fixed point which is a focus, attracting RG trajectories in a spiral-like manner.
For large enough N all the field-theoretical methods are expected to be qualitatively and
quantitatively correct. In fact, both ǫ and 1/N expansions lead to the same structure of
flow diagram and the fixed points location and to identical critical exponents [12] (see also
the comparison between Monte Carlo data and the results of three-loop FT study made
in Ref. [19]). However, no analysis of the three-dimensional six-loop series [6] for general
N is still available. For this reason, we calculate here all the fixed points of Hamiltonian
(1) for various N and analyze the critical behavior characterized by the stable fixed point,
computing also the chiral exponents on the base of known RG series [21]). We show that the
focus-driven critical behavior found previously for physical models in Ref. [7] ends, under
increasing N , at some Nc2. Then a small zone of first order phase transition Nc2 < N < Nc1
exists. Finally, for N > Nc1 the continuous transition recovers, being governed by a stable
node that is generically related to the stable fixed point given by ǫ and 1/N expansions.
The paper is organized as follows. In Sec. II we describe the method of our analysis.
Sec. III contains all the results obtained along with their discussion. In Sec. IV we present
a summary and concluding remarks.
II. ANALYSIS METHOD
We analyze the fixed dimensional (D = 3) perturbative six-loop series computed for
general N in Refs. [6,21] by the same methods applied for the XY and Heisenberg frustrated
models in Refs. [6,7]. Within the fixed dimension approach [22] the perturbative series are
obtained expanding the quantities of interest in powers of the quartic couplings and renor-
malizing the theory by introducing a set of zero-momentum conditions for two-point and
four-point correlation functions [6,21,23]. All perturbative series are expressed in terms of
the renormalized couplings u and v, normalized so that at the tree level they are propor-
tional to the bare ones. The fixed points of the theory are given by the common zeros of
the β functions defined as
βu(u, v) = m
∂u
∂m
∣∣∣∣∣
u0,v0
, βv(u, v) = m
∂v
∂m
∣∣∣∣∣
u0,v0
. (3)
In the case of a continuous transition the coupling u, v are driven toward an infrared-stable
zero u∗, v∗ of the β functions. The absence of a stable fixed point is usually considered as an
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indication of a first-order phase transition. The series for the critical exponents (e.g. ν(u, v)
and η(u, v)) are obtained considering the anomalous dimensions of two-point functions with
the insertion of operator with the right symmetry (see e.g. Refs. [24,21]).
We adopt here the symmetric rescaling of the coupling constants
u ≡
16π
3
R2N u, v ≡
16π
3
R2N v, (4)
with RN = 9/(8 +N) to obtain, as in two dimensions [16,17], finite fixed point coordinates
in the limit of infinite dimension of the order parameter (N → ∞). In the following we
denote with β¯u¯ and β¯v¯ the β-functions corresponding to these rescaled couplings.
The obtained RG series are asymptotic and some resummation procedure is needed
in order to extract accurate numerical values for the physical quantities. Exploiting the
property of Borel summability of φ4 theories in two and three dimensions, we resum the
divergent asymptotic series by a Borel transformation combined with a method for the
analytic extension of the Borel transform. This last procedure can be obtained by a Pade´
extension or by a conformal mapping [25] which maps the domain of analyticity of the Borel
transform (cut at the instanton singularity) onto a circle (see Refs. [25,24] for details).
The conformal mapping method takes advantage of the knowledge of the large order
behavior of the perturbative series F (u, z) =
∑
k fk(z)u
k [6]
fk(z) ∼ k! (−a(z))
k kb
[
1 +O(k−1)
]
with a(z) = −1/ub(z), (5)
where ub(z) is the singularity of the Borel transform closest to the origin at fixed z = v¯/u¯,
given by [6]
1
ub(z)
= −aR2N for 0 < z < 4, (6)
where a = 0.147 774 22 . . .. Moreover, it is known [6] that for z > 2 the Borel transform
has a singularity on the positive real axis, which, however, is not the closest one for z < 4.
Thus, for z > 2 the series is not Borel summable.
For each perturbative series R(u¯, v¯), we obtain the following approximants
E(R)p(α, b; u, v) =
p∑
k=0
Bk(α, b; v/u)×
∫
∞
0
dt tbe−t
y(ut; v/u)k
[1− y(ut; v/u)]α
, (7)
where
y(x; z) =
√
1− x/ub(z)− 1√
1− x/ub(z) + 1
, (8)
and the coefficients Bk are determined by the condition that the expansion of
E(R)p(α, b; u, v) in powers of u and v gives R(u, v) to order p.
Within the second resummation procedure, the Borel transform is analytically extended
by means of a generalized Pade´-Borel-Leroy technique, using the resolvent series trick. Ex-
plicitly, once introduced the resolvent series of the perturbative one R(u¯, v¯)
4
P˜ (R)(u, v, b, λ) =
∑
n
λn
n∑
k=0
P˜k,n
(n+ b)!
un−kvk , (9)
which is a series in powers of λ with coefficients being uniform polynomials in u, v, the
analytical continuation of the Borel transform is the Pade` approximant [N/M ] in λ at
λ = 1. Obviously, the approximant for each perturbative series depends on the chosen Pade´
approximant and on the parameter b.
In order to evaluate the fixed point coordinates by the conformal mapping method, we
resum the perturbative series for each β¯ function within the whole plane of coupling constants
(u¯, v¯). For each β¯ function we choose 18 approximants which were found to be stable, for
small u¯ and v¯, under variation of the order of RG approximation (number of loops), i. e.
α = 0, 2, 4 and b = 3, 6, 9, 12, 15, 18. We divide the domain 0 ≤ u¯ ≤ 4, 0 ≤ v¯ ≤ 6 in 402
rectangles and we mark all the sites in which at least two approximants for β¯u and β¯v vanish.
Analogously, with the Pade´ approximants we take all of them with integer b in the range
b ∈ [0, 3] and without dangerous poles; in this case the statistics is much less significant due
to a large number of defective approximants.
Located the fixed points, the next step is to find the stable one which drives the system
to criticality. The stability properties of the fixed points are determined by the eigenvalues
ω1, ω2 of the Ω matrix
Ω =


∂βu(u, v)
∂u
∂βu(u, v)
∂v
∂βv(u, v)
∂u
∂βv(u, v)
∂v

 . (10)
A stable fixed point must have two eigenvalues with positive real parts, while a fixed point
possessing eigenvalues with non-vanishing imaginary parts is called focus.
We calculate ω1 and ω2 at a given fixed point considering the numerical derivatives of
each pair of approximants of the two β¯-functions at their common zero (there are 324 possible
combinations with the conformal mapping method and 81, minus defective ones, with the
Pade´ approximant technique). To obtain reliable numerical estimates for ω1 and ω2, we limit
ourselves by the approximants which yield the fixed point coordinates compatible with their
final, properly weighted values.
The critical exponents are finally evaluated at the stable fixed point by means of em-
ploying of the approximants which minimize the difference between the estimates given by
different perturbative orders (see e.g. [26,27] for details).
III. RESULTS
In this section we analyze the six-loop perturbative series of the RG functions for large
number of components of the order parameter using the methods explained above. In Fig.1
we report our results for the zeros of the two β¯ functions for N = 32, 16, 8, 7, 6, 5, and
4, obtained with the conformal mapping technique. It is seen from this figure that two
branches of zeros of β¯u¯ exist for all the considered values of N . These branches become
closer to each other with decreasing N . The zeros of β¯v¯ are represented by a curve which
clearly intersects the upper branch of β¯u¯ for N ≤ 5 and the lower branch for N ≥ 7. In the
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FIG. 1. Zeros of β¯-functions for N = 32, 16, 8, 7, 6, 5, and 4 in the (u¯, v¯) plane. Pluses (+)
and crosses (×) correspond to zeroes of β¯v¯(u¯, v¯) and β¯u¯(u¯, v¯) respectively.
complement of these regions, i.e. for N = 6 and close vicinity of this value, the presence or
the absence of fixed points is less evident from Fig.1. However, looking at the single pair of
approximants for two β¯ functions, one can find that for all 5 < N < 7 the majority of the
approximants for β¯u¯ gives rise to two branches of zeros separated in the plane (u, v).
For each pair of approximants we find that two marginal values of N , Nc1 and Nc2, exist.
For N > Nc1 the chiral and the antichiral fixed points are always present. They are located
on the lower branch of β¯u¯ and coalesce for N = Nc1. For Nc2 < N < Nc1 only the unstable
– Gaussian and O(2N)-symmetric (Heisenberg) – fixed points exist, while for N ≤ Nc2 the
chiral and the antichiral fixed points appear again, being located, however, on the upper
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TABLE I. Location of the chiral and antichiral fixed point as function of N .
N Ch.(5loop) Ch.(6loop) Ch.(Pade´) ACh.(5loop) ACh.(6loop)
(u¯∗
ch
, v¯∗
ch
) (u¯∗
ch
, v¯∗
ch
) (u¯∗
ch
, v¯∗
ch
) (u¯∗
ach
, v¯∗
ach
) (u¯∗
ach
, v¯∗
ach
)
2 [1.87(13),5.33(15)] [1.9(1),5.47(20)] [6] [1.9(2),5.25(35)]
3 [1.8(1),4.65(30)] [1.8(1),4.67(23)] [6] [1.74(13),4.35(11)]
4 [1.59(15),4.0(4)] [1.54(13),3.96(21)] [1.62(10),3.84(6)]
5 [1.48(12),3.58(28)] [1.44(15),3.60(22)] [1.50(5),3.40(10)]
6 – – – – –
7 [1.72(5),2.69(7)] [1.75(4),2.67(5)] [1.756(10),2.648(12)] [1.43(11),3.01(14)] [1.39(11),3.05(12)]
8 [1.81(3),2.51(5)] [1.82(2),2.50(2)] [1.826(8),2.491(13)] [1.39(11),2.89(11)] [1.33(8),2.93(8)]
16 [1.963(12),2.201(10)] [1.968(6),2.204(4)] [1.967(3),2.205(5)] [1.178(23),2.470(11)] [1.156(17),2.479(9)]
32 [2.000(4),2.1027(29)] [2.000(1),2.103(3)] [2.000(4),2.101(2)] [1.086(6),2.2381(15)] [1.075(5),2.2406(12)]
branch of β¯u¯. With the precision of our calculation we can state that Nc1 = 6.4(4) and
Nc2 = 5.7(3).
Let us now discuss the critical behavior in these three domains of N . For N ≥ Nc1 there
are four fixed points: chiral, antichiral, Heisenberg and Gaussian. The location (reported in
Table I) and the stability analysis (see Table II) of these fixed points reveal that the chiral
one is a stable node and governs the critical regime, while the Heisenberg and the Antichiral
are unstable with one negative eigenvalue of the Ω matrix (cf. Table II). The critical
exponents that characterize the second order phase transition are reported in Tab. II with
the data of the large N analysis [6,13,14]. The results indicate that there is a reasonable
agreement between the two perturbative methods. It implies that this domain of N is
generically related to those accessible in the framework of the 1/N and ǫ expansions. So,
we can conclude that Nc1 is nothing but a marginal value of N introduced earlier within
various approximations (Nc3 of Refs. [11,18], nI(d) of Ref. [1], n
+(m, d) of Ref. [12], Nc of
Ref. [6], and N+ of Ref. [3]).
For Nc2 < N < Nc1 no stable fixed points exist in the region u¯ > 0, v¯ > 0 and the
transition is expected to be first order (e.g. for N = 6 we found, at the O(2N)-symmetric
fixed point, ωO(12) = −0.53(2)).
For N < Nc2, as seen from Fig. 1, the chiral fixed point lays on the upper branch of zeros
of the β¯u¯, so in principle there is no reason to obtain the results related to those of the large
N approach. In this domain, the transition is continuous and the eigenvalues of the Ω matrix
at the chiral fixed point possess nonvanishing imaginary parts in the majority of the cases.
In Table III we report the estimates for ω1 and ω2 and the percentage of complex eigenvalues.
Thus the critical behavior is driven by a stable focus. In Table III we report the critical
exponents obtained in this article along with the already known values for N = 2, 3 [6,21] in
order to make visible all the trends of physical quantities with varying N . We also find that
for almost all the working approximants, the antichiral fixed point is located in the region
where the singularity of the Borel transform closest to the origin is on the real positive axis,
leaving its existence doubtful. The fact that its position strongly oscillates with varying the
approximants indicates that in this domain of (u¯, v¯) plane the analysis is not robust. On
the other hand, the presence of the stable focus chiral point does not imply the existence
of the antichiral one. The unstable fixed point is not topologically needed on the separatrix
dividing the regions of the first-order and second-order phase transitions.
In the Tables I, II, and III we report, along with the results given by the conformal
mapping technique commented above, all the estimates obtained with the Pade´-Borel re-
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summation method. Using this method, we faced with a lot of defective Pade´ approximants
which in some cases prevent us from finding estimates for physical quantities (e.g. the values
of ν for N = 16 and 32), while in other ones turn out to lead to underestimation of the
apparent errors. Anyway, the data obtained with the two resummation techniques are found
to be substantially equivalent.
In Figs. 2,3 we display two example of the RG flows given by typical working approxi-
mants for N = 8 and N = 4 respectively. These flows clearly demonstrate that for N = 4
there is spiral-like approach to the stable fixed point. This is no longer true for N = 8.
Obviously, all the RG flows are quantitatively correct only within the regions where the
singularity of the Borel transform closest to the origin is on the real negative axis [6]; in
Figs. 2,3 they correspond to unshaded areas. Nevertheless, we report also the flows in other
parts of the coupling constant plane to present a complete qualitative picture. The region
that is outside the domain of attraction of the stable fixed point corresponds to the domain
of the first-order phase transitions. Note, that saying “the domain of the first-order phase
transitions” we mean, as usually, the region where the quartic form in free-energy expansion
can acquire negative values. In fact, because of the presence of the higher-order terms in
this expansion that make the system globally stable at any temperature, the true domains
of the first-order transitions may be substantially more narrow than those predicted by the
mean-field approximation.
TABLE II. Critical behavior for N > Nc1. Values obtained with other methods are reported
for comparison. In the last line, only the positive eigenvalues at the antichiral fixed point are
reported, since the negative ones are not obtainable with the method of Ref. [13].
Eigenvalues ω1, ω2 N = 7 N = 8 N = 16 N = 32
C.M.(5loop) [0.84(2),0.21(8)] [0.84(2),0.33(7)] [0.878(6),0.702(13)] [0.930(3),0.863(5)]
C.M.(6loop) [0.83(2),0.23(5)] [0.83(2),0.36(4)] [0.876(4),0.714(9)] [0.933(2),0.868(2)]
Pade´ [0.84(1),0.24(2)] [0.82(3),0.35(3)] [0.87(3),0.70(3) [0.92(2),0.83(4)]
O(1/N) [13] [0.768, 0.537] [0.797,0.594] [0.899,0.797] [0.949,0.899]
ν N = 7 N = 8 N = 16 N = 32
C.M. 0.68(2) 0.71(1) 0.863(4) 0.936(1)
Pade´ 0.65(4) 0.72(1) – –
O(1/N2) [12] 0.697 0.743 0.885 0.946
γ N = 7 N = 8 N = 16 N = 32
C.M. 1.31(5) 1.40(2) 1.68(1) 1.830(6)
O(1/N2) [12] 1.36 1.45 1.75 1.88
η N = 7 N = 8 N = 16 N = 32
C.M. 0.042(2) 0.039(1) 0.0246(2) 0.01357(1)
Pade´ 0.040(3) 0.038(2) 0.0245(5) 0.01357(3)
O(1/N2) [12] 0.053 0.04724 0.0245 0.01245
γc N = 7 N = 8 N = 16 N = 32
C.M. 0.74(2) 0.77(1) 0.867(4) 0.918(2)
Pade´ 0.75(2) 0.76(2) – –
O(1/N2) [14] 0.765 0.790 0.890 0.945
βc N = 7 N = 8 N = 16 N = 32
C.M. 0.64(2) 0.69(1) 0.840(5) 0.927(2)
O(1/N2) [14] 0.755 0.781 0.885 0.944
ωach N = 7 N = 8 N = 16 N = 32
C.M.(5loop) [0.88(5),-0.23(8)] [0.91(4),-0.37(7)] [0.973(6),-0.760(16)] [0.9882(12),-0.899(6)]
C.M.(6loop) [0.87(4),-0.23(4)] [0.90(3),-0.38(2)] [0.969(6),-0.762(9)] [0.9864(11),-0.900(4)]
O(1/N2) [13] [0.923,–] [0.932,–] [0.966,–] [0.983,–]
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FIG. 2. RG flow in the renormalized coupling constant plane for N = 8.
IV. CONCLUSION
In this work, we have studied the critical thermodynamics of the O(N)×O(2) spin model
for number of components of the order parameter N greater than 3 on the base of the six-
loop RG series [6,21], giving a complete description of the evolution of critical behavior
under varying N . We have found that for N > Nc1 ∼ 6.4(4) the transition is continuous and
governed by a stable chiral fixed point, that is generically related to the stable fixed point
found earlier within the ǫ expansion and 1/N expansion analyses. For Nc2 < N < Nc1 with
Nc2 = 5.7(3) we have not detected any stable fixed point and the chiral transition is ex-
pected to be first order. The focus-like critical behavior, found previously for physical
models (N = 2, 3) in Ref. [7], has been confirmed to exist for any N < Nc2. In this region
of N , the character of crossover phenomena may be rather complicated leading to effec-
tive exponents which vary in a non-monotonic way. In analogy with dilute Ising systems,
where the concentration-dependent critical exponents seem to violate the universality be-
cause of crossover effects near criticality [28], it looks plausible that the results of some
simulations [29] and experiments [30], which yield negative values for the exponent η, reflect
the peculiarities of the preasymptotic regimes.
Being the region N > Nc1 connected with that accessible by the large N analysis, we
expect that Nc1 coincides with Nc usually introduced in ǫ and 1/N expansions. Several
estimates for Nc exist. To quote the more recent ones, we have Nc = 5.3(2) [12] and
Nc ∼ 3.39 [11] from 3-loop ǫ expansion, Nc ∼ 5 from the exact renormalization group
approach [20], and Nc = 3.24 [13] and Nc = 5.3 [12] from 1/N expansion. These scattered
results clearly indicate that the extrapolation of 1/N and ǫ expansion predictions up to the
physical values of N and ǫ is a quite delicate matter.
To conclude, we believe that working with the highest-order, six-loop RG series and
processing them by means of the advanced resummation techniques, we obtain a clear and
definite understanding of the critical behavior of N -vector chiral model for all the integer
9
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FIG. 3. RG flow in the renormalized coupling constant plane for N = 4.
values of N , including the physically relevant ones.
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TABLE III. Critical behavior in the region N < Nc2. Real eig. (Imaginary eig.) stays for real
eigenvalues (imaginary eigenvalues). In the lines marked by % Real we report the percentages of
the purely real eigenvalues. Close to the values obtained in other works one can find the original
references.
Real eig. N = 2 N = 3 N = 4 N = 5
C.M.(5loop) [0.63(18),0.24(16)]
% Real 2.5% 35%
C.M.(6loop) [0.66(16),0.30(17)]
% Real 23.5% 11% 2% 24%
Imaginary eig. N = 2 N = 3 N = 4 N = 5
C.M.(5loop) 1.40(35)±i1.00(45) [7] 0.85(20)±i0.95(15) [7] 0.58(11) ±i0.52(25) 0.43(10)±i0.25(22)
C.M.(6loop) 1.70(40)±i0.90(40) [7] 1.00(20)±i0.80(25) [7] 0.67(11) ±i0.53(23) 0.49(6)±i0.22(19)
ν N = 2 N = 3 N = 4 N = 5
C.M. 0.57(3) [6] 0.55(3) [6] 0.51(3) 0.51(3)
Pade´ 0.64(25) 0.59(13) 0.54(12) 0.52(11)
γ N = 2 N = 3 N = 4 N = 5
C.M. 1.11(5) [6] 1.05(5) [6] 1.00(5) 1.02(5)
η N = 2 N = 3 N = 4 N = 5
C.M. 0.095(7) [6] 0.088(9) [6] 0.066(6) 0.056(6)
Pade´ 0.095(9) 0.086(11) 0.069(13) 0.060(12)
φc N = 2 N = 3 N = 4 N = 5
C.M. 1.43(4) [21] 1.27(4) [21] 1.17(4) 1.12(5)
Pade´ 1.4(1) 1.23(10) 1.15(10) 1.08(12)
βc N = 2 N = 3 N = 4 N = 5
C.M. 0.28(10) [21] 0.38(10) [21] 0.52(3) 0.51(3)
REFERENCES
[1] H. Kawamura, J. Phys.: Condens. Matter 10, 4707 (1998).
[2] M. F. Collins and O. A. Petrenko, Can. J. Phys. 75, 605 (1997).
[3] A. Pelissetto and E. Vicari, Phys. Rep. 368, 549 (2002).
[4] M. Itakura, J. Phys. Soc. Jap. 72, 74 (2003); A. Peles and B. W. Southern, cond-
mat/0209056.
[5] V. P. Plakhty, J. Kulda, D. Visser, E. V. Moskvin, and J. Woznitza, Phys. Rev. Lett.
85, 3942 (2000); V. P. Plakhty, W. Schweika, Th. Bru¨ckel, J. Kulda, S. V. Gavrilov,
L.-P. Regnault, and D. Visser, Phys. Rev. B 64, 100402(R) (2001); M. Fiebig, C. De-
genhart, and R. V. Pisarev, Phys. Rev. Lett. 88, 027203 (2002); A. Lascialfari, R. Ullu,
M. Affronte, F. Cinti, A. Caneschi, D. Gatteschi, D. Rovai, M. G. Bini, and A. Rettori,
cond-mat/0210133.
[6] A. Pelissetto, P. Rossi, and E. Vicari, Phys. Rev. B 63, 140414(R) (2001).
[7] P. Calabrese, P. Parruccini, and A. I. Sokolov, Phys. Rev. B 66, 180403(R) (2002).
[8] H. Kawamura, Phys. Rev. B 38, 4916 (1988); erratum B 42, 2610 (1990).
[9] H. Kawamura, J. Phys. Soc. Jpn. 55, 2157 (1986).
[10] S. Sachdev, Ann. Phys.303, 226 (2003); cond-mat/0211005.
[11] S. A. Antonenko, A. I. Sokolov, and K. B. Varnashev, Phys. Lett. A 208, 161 (1995).
[12] A. Pelissetto, P. Rossi, and E. Vicari, Nucl. Phys. B 607, 605 (2001).
[13] J. A. Gracey, Nucl Phys. B 644, 433 (2002).
[14] J. A. Gracey, Phys. Rev. B 66, 134402 (2002).
[15] P. Azaria, B. Delamotte and T. Jolicoeur, Phys. Rev. Lett. 64, 3175 (1990); P. Azaria,
B. Delamotte, F. Delduc and T. Jolicoeur, Nucl. Phys. B 408, 485 (1993).
11
[16] P. Calabrese and P. Parruccini, Phys. Rev. B 64, 184408 (2001).
[17] P. Calabrese, E. V. Orlov, P. Parruccini, and A. I. Sokolov, Phys. Rev. B 67, 024413
(2003).
[18] S. A. Antonenko and A. I. Sokolov, Phys. Rev. B 49, 15901 (1994).
[19] D. Loison, A. I. Sokolov, B. Delamotte, S. A. Antonenko, K. D. Schotte, and H. T. Diep,
Pis’ma Zh. Eksp. Teor. Fiz. 72, 487 (2000) [JETP Letters 72, 337 (2000)].
[20] M. Tissier, B. Delamotte and D. Mouhanna, Phys. Rev. Lett. 84, 5208 (2000); cond-
mat/0107183; Int. J. Mod. Phys. A 16, 2131 (2001); G. Zumbach, Nucl.Phys. B 413,
771 (1994).
[21] A. Pelissetto, P. Rossi, and E. Vicari, Phys. Rev. B 65, 020403(R) (2002).
[22] G. Parisi, Carge`se Lectures (1973), J. Stat. Phys. 23, 49 (1980).
[23] P. Calabrese, A. Pelissetto, P. Rossi, and E. Vicari, hep-th/0212161.
[24] J. Zinn-Justin, Quantum Field Theory and Critical Phenomena, 3rd edition (Clarendon
Press, Oxford, 1996).
[25] J. C. Le Guillou and J. Zinn-Justin, Phys. Rev. Lett. 39, 95 (1977); Phys. Rev. B 21,
3976 (1980).
[26] J. M. Carmona, A. Pelissetto, and E. Vicari, Phys. Rev. B 61, 15136 (2000).
[27] A. Pelissetto and E. Vicari, Phys. Rev. B 62, 6393 (2000).
[28] H. K. Janssen, K. Oerding, and E. Sengespeick, J. Phys. A 28 6073 (1995); R. Folk,
Yu. Holovatch, and T. Yavors’kii, Phys. Rev. B 61 15114 (2000); P. Calabrese, P. Par-
ruccini, A. Pelissetto, and E. Vicari, in preparation.
[29] E. H. Boubchear, D. Loison, and H. T. Diep, Phys. Rev. B 54, 4165 (1996); D. Loison
and H. T. Diep, Phys. Rev. B 50, 16453 (1994); M. Kukovic, T. Idogaki, and K. Takeda,
Phys. Rev. B 63, 172412 (2001).
[30] H. Kadowaki, S. M. Shapiro, T. Inami, and Y.Ajiro, J. Phys. Soc. Jap. 57, 2640 (1988);
Y.Ajiro, T. Nakashima, Y. Unno, H. Kadowaki, M. Mekata, and N. Achiwa, J. Phys.
Soc. Jap. 56, 2648 (1988); T. E. Mason, M. F. Collins, and B. D. Gaulin, Phys. Rev. B
39 586 (1989); H. Kadowaki, K. Ubukoshi, H. Hirakawa, J. L. Martinez, and G. Shirane,
J. Phys. Soc. Jap. 56, 4027 (1988)
12
